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An experimental proposal for realizing spin-orbit (SO) coupling of pseudospin-1 in the ground
manifold 1Σ(υ = 0) of (bosonic) bialkali polar molecules is presented. The three spin components
are composed of the ground rotational state and two substates from the first excited rotational level.
Using hyperfine resolved Raman processes through two select excited states resonantly coupled by
a microwave, an effective coupling between the spin tensor and linear momentum is realized. The
properties of Bose-Einstein condensates for such SO-coupled molecules exhibiting dipolar interac-
tions are further explored. In addition to the SO-coupling-induced stripe structures, the singly and
doubly quantized vortex phases are found to appear, implicating exciting opportunities for exploring
novel quantum physics using SO-coupled rotating polar molecules with dipolar interactions.
I. INTRODUCTION
Recent advances in the experimental realization and
manipulation of ultracold polar molecules in the rovi-
brational ground state [1–8] offer unprecedent scientific
opportunities to explore fundamental quantum phenom-
ena and applications, ranging from ultracold chemistry
and collisions [9–11] to quantum information process-
ing [12, 13], simulation of quantum magnetism [14, 15],
and precise fundamental physics [16–19]. Of particular
interest are spinor polar molecules with internal struc-
tures and large electric dipole moments that can be em-
ployed to study a host of interesting dipolar effects, such
as spontaneous demagnetization [20], Fermi surface de-
formation [21], and self-bound droplets [22–24].
A second area witnessing great progress in atomic
quantum gases concerns spin-orbit (SO) coupling for
both bosonic [25–31] and fermionic atomic species [32–
36]. Spin-orbit-coupled atomic condensates with mag-
netic dipoles represent a prominent example that com-
bines the advantages of both SO coupling and long range
interactions. They are predicted to display interesting
quantum phases [37–39]. Their counterparts, electric
dipolar condensates of molecules with coupling between
the rotational and orbital angular momenta [40, 41],
present an equally promising platform if a SO-like cou-
pling can be identified. Although hyperfine resolved two-
photon transfer [6, 7] has been realized experimentally,
an analogous atomic SO interaction cannot be directly
engineered this way because the neighboring rotational
levels for rotating molecules possess opposite parities.
This experimental challenge for realizing SO coupling
with two-photon Raman processes in dipolar quantum
gases of molecules has not been thoroughly investigated
yet. Whether it can be overcome in realistic spinor con-
densates of rotating polar molecules or not is the question
to be addressed in this study.
In this work we propose the synthesis of SO coupling
in an ultracold Bose gas of polar molecules. The pseu-
dospin 1 consists of the ground rotational level and two
substates of the first excited rotational level. Their SO
coupling is created through hyperfine resolved Raman
processes through two excited states of opposite parities
resonantly coupled by a microwave. The laser configu-
ration ensures that the electric dipole-dipole interaction
(DDI) between the rotational and orbital degrees of free-
dom persists, and as a result the synthetic SO coupling
facilitates many interesting quantum phases. A doubly
quantized vortex phase surprisingly emerges in the spin
state with the highest occupation.
This paper is organized as follows. In Sec. 1 we in-
troduce our scheme for generating SO coupling and de-
rive the single-particle Hamiltonian for a pseudospin-1
molecule. In Sec. III we derive the contact s-wave inter-
actions and the effective DDI between two pseudospin-1
molecules. The quantum phases of the SO-coupled spinor
condensates of rotating polar molecules are presented in
Sec. IV. A brief summary is given in Sec. V.
II. MODEL
We consider a gas of ultracold bialkali polar molecules
in the rovibrational ground state, X1Σ(v = 0), character-
ized by the rotational angular momentum N and nuclear
spins Ii (i = 1, 2). The internal state of the molecule is
thus denoted by |M1M2NMN〉, where Mi and MN are,
respectively, the projections of Ii and N along the quan-
tization axis. As shown in Ref. [40], under a strong bias
magnetic field, e.g., B = Bzˆ, Mi becomes a good quan-
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FIG. 1: (color online). (a) Schematic for creating SO cou-
pling of a polar molecule. The linearly polarized σ-(pi-) laser
field 1(2) drives the hyperfine resolved single-photon transi-
tion between X1Σ+(v = 0) rotational ground states and B1Π
vibrational excited states. A pi-polarized microwave field reso-
nantly connects two excited states with opposite parities. (b)
Relevant level structure of a polar molecules. Here |1,±1〉
(|0, 0〉) denotes the hyperfine level of the N = 1 (N = 0) ro-
tational state and |e1±1〉 (|e2±1〉) denotes the Zeeman level of
the electronically excited J = 1 (J = 2) state.
tum number, which can be fixed for instance, by choosing
Mi = Ii. Therefore, the relevant internal states reduce
to |N,MN〉 = |0, 0〉, |1, 0〉, and |1,±1〉 at sufficiently low
temperatures. The energy gap between the ground state
N = 0 and the first excited state N = 1 is 2Bv, with
Bv (∼ 10GHz) being the rotation constant. Among the
three states in the N = 1 manifold, it is shown quite
generally that the states |1, 1〉 and |1,−1〉 can be tuned
near degeneracy and well separated from |1, 0〉 [40]. Con-
sequently, we may ignore |1, 0〉 and focus on the three in-
ternal states |0, 0〉 and |1,±1〉. Their quantum numbers
MN serve as shorthand notation for a pseudospin 1.
The SO coupling involving the ground state pseudospin
1 is created via Raman processes to an electronically ex-
cited intermediate level, e.g., B1Π (Fig. 1), whose ro-
tational states J = 1 and 2 are split by an energy
gap ~∆e. Here J represents the total angular momen-
tum excluding the nuclear spins. Limited by the par-
ity and the electric dipole transition selection rules, the
ground state |N = 0〉 (|N = 1〉) can only couple to
the excited |J = 1〉 (|J = 2〉) state of opposite par-
ity via single photon transitions. Therefore, to effect
Raman transitions, the two excited states are mixed by
a position-independent π-polarized microwave field with
Rabi frequency Ωmw. As illustrated in Fig. 1(a), two
linearly polarized plane-wave lasers drive, respectively,
the molecular transitions |N = 0〉 ↔ |J = 1〉 and
|N = 1〉 ↔ |J = 2〉 with Rabi frequencies Ω1eik1·r and
Ω2e
ik2·r. Here k1,2 = kL(sinϑxˆ ± cosϑyˆ) are the laser
wave vectors, and the angle ϑ is tunable. The frequencies
of the lasers 1 and 2 are ωL and ωL +∆ωL, respectively,
with |∆ωL| ≈ |∆e − 2Bυ/~| (≪ ωL) chosen to compen-
sate for the energy splitting between the N = 0 and 1
rotational states. The frequency ωL is detuned from the
resonance frequency by ∆ and operates in the limit of
large detuning |Ω1,2/∆| ≪ 1. Adiabatically eliminating
the two excited states, the single-molecule Hamiltonian
becomes (see the Appendix)
hˆ =


p
2
2M + ~δ1 + ~δ2 ~Ωe
iκy 0
~Ωe−iκy p
2
2M ~Ωe
−iκy
0 ~Ωeiκy p
2
2M − ~δ1 + ~δ2

 (1)
in the basis {|1〉, |0〉, |−1〉}, where p denotes the momen-
tum, and M is the molecular mass. In addition, δ1 and
δ2 are independently tunable (see the Appendix), repre-
senting the effective linear and quadratic Zeeman shifts,
respectively, Ω = ΩmwΩ1Ω2/(∆
2 − Ω2mw) is the Raman
coupling strength, and κ = 2kL cosϑ, which can also be
tuned independently.
After applying the transformation |0〉 → |0〉eiκy/2 and
| ± 1〉 → | ± 1〉e−iκy/2,in the y direction, the Hamilto-
nian (1) becomes
hˆ′y =
~
2
(
q2 − κq)
2M
Iˆ +
~
2κ
M
qSˆ2z
+
√
2~ΩSˆx + ~δ1Sˆz + ~δ2Sˆ
2
z , (2)
where q = py/~ defines the quasimomentum, Iˆ is the
identity matrix, and Sˆx,y,z are the Pauli matrices for
spin-1 particles. Unlike the nominal SO-coupling term
qSˆz already discussed in Raman-dressed spin-1 atoms [42,
43], the SO coupling we realize here is of the form qSˆ2z ,
acting as an effective momentum-dependent quadratic
Zeeman shift, a coupling between the spin tensor and lin-
ear momentum. This same term was recently proposed
by Luo et al. in a spin-1 atom by introducing an extra
Raman laser [44]. The competition of the spin-tensor-
momentum coupling and the short-range spin-exchange
interaction is shown to cause a different type of striped
superfluid.
Take the simple case of δ1 = 0, diagonalizing the
Hamiltonian (2). The eigensystem reveals two bright
states E±(q) =
~
2q2
2M +
~δ2
2 ± ~
√(
~κq
2M +
δ2
2
)2
+ 2Ω2 and
one dark state E0(q) =
~
2(q2+κq)
2M + ~δ2. Among these
three, the E+(q) branch is the highest in energy and can
be left out of the discussion on low-energy physics. More-
over, independent of q, the eigenstate corresponding to
E0(q) always takes the form |ζ〉 ≡ (|1〉 − | − 1〉)/
√
2 with
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FIG. 2: (color online). (a) Lower branch dispersion for differ-
ent values of δ2 with Ω/Eκ = 0.1 and δ1 = 0. (b) Local min-
ima of quasimomentum q± as a function of Ω for δ1 = δ2 = 0,
with the blue to red color gradient calibrating the population
of the |0〉 state. The ground-state branch displays a left edge
corresponding to the superposition of |±1〉 states and a right
edge corresponding to the |0〉 state.
the band minimum located at q/κ = −1/2. The E0(q)
branch does not possess SO coupling and remains orthog-
onal to the bright-state branch E−(q). As a result, we
only need to focus on the E−(q) branch for the single-
particle spectrum.
Figure 2(a) shows the dependence of E−(q) on δ2 for
Ω/Eκ = 0.1, where Eκ ≡ ~2κ2/2M is adopted as the
energy unit. The dispersion curve E−(q) displays the
characteristic double well structure as in atomic SO cou-
pling in the quasi-momentum space. The eigenstates cor-
responding respectively to the local minima of the left
and right wells are dominated by the spin states |ζ〉 and
|0〉. Consequently, the energy of the left (right) local
minimum is sensitive (immune) to the quadratic Zeeman
parameter δ2. At sufficiently large |δ2|, the double-well
dispersion becomes a single well such that only the left
(right) well remains when δ2 < 0 (δ2 > 0). To study
how E−(q) depends on the Rabi coupling strength Ω,
we consider the simplest case with δ2 = 0. It is then
easy to show that E−(q) possesses two local minima at
q± = ±κ
√
1− 8(~Ω/Eκ)2/2 when ~Ω <
√
2Eκ/4 and
a single minimum at q = 0 when ~Ω >
√
2Eκ/4. Fig-
ure 2(b) plots the Ω dependence of q± for δ1 = δ2 = 0.
In this case, the eigenstate wave functions at these min-
ima can be generally expressed as cζ |ζ〉 + c0|0〉. The Ω
dependence of |c0|2 is as shown in Fig. 2(b).
III. MOLECULAR INTERACTIONS
We next include interactions between molecules. We
note that the condensate consisting of molecules in the
N = 0 and 1 rotational levels. The collisions between
two spin-1 molecules are characterized by the scatter-
ing lengths a
(11)
0 and a
(11)
2 respectively corresponding to
the collisional channels with total rotational angular mo-
menta Ntot = 0 and 2. The interaction between dis-
tinguishable rotational levels N = 0 and 1 molecules is
described by the scattering length a(01). Finally, the col-
lision between two spin-0 molecules is characterized by
a(00) [45]. In the reduced Hilbert space in the lowest en-
ergy branch, the Hamiltonian for the contact interactions
becomes
Hˆci =
∫
dr :
[
g(00)
2
nˆ20 +
g
(11)
2
2
(
nˆ21 + nˆ
2
−1
)
+ g(01) (nˆ1nˆ0 + nˆ0nˆ−1) + g
(11)nˆ1nˆ−1
]
: , (3)
where nˆσ(r) = ψˆ
†
σ(r)ψˆσ(r) with ψˆσ(r) being the field
operators for spin-σ (σ = 0,±1) molecules, g(00) =
4π~2a(00)/M , g(01) = 4π~2a(01)/M , g
(11)
2 =4π~
2a
(11)
2 /M ,
g(11) = 4π~2(2a
(11)
0 + a
(11)
2 )/3M , and : Oˆ : arranges op-
erator in normal order. Unlike spin-1 atomic gases, for
polar molecules the contact spin-exchange interaction is
absent from Hˆci because of the pseudospin-1 construct.
The DDI between polar molecules is treated as in
Ref. [40], which takes the following simplified form in
the reduced Hilbert space:
Hˆdd = gd
√
4π
45
∫
drdr′
|r− r′|3
{[√
6Y22(e)ψˆ
†
0ψˆ
′†
−1ψˆ
′
0ψˆ1+H.c.
]
+ Y20(e)
[
ψˆ†0ψˆ
′†
1 ψˆ
′
0ψˆ1 + ψˆ
†
0ψˆ
′†
−1ψˆ
′
0ψˆ−1
]}
. (4)
In the above, gd = d
2/4πǫ0 characterizes the strength
of the DDI with d being the molecule permanent dipole
moment and ǫ0 the electric permittivity of vacuum, e =
(r − r′)/|r − r′| is a unit vector, and Y20(e) and Y22(e)
are spherical harmonics. We use the shorthand notation
ψˆσ ≡ ψˆσ(r) and ψˆ′σ ≡ ψˆσ(r′). The DDI Hˆdd couples
rotational and orbital angular momenta, within the con-
straint that the total angular momentum is conserved.
Under the analogous configuration of Ref. [44] for atomic
spin-1 gases, the SO coupling in the magnetic DDI, how-
ever, is suppressed by the bias magnetic field [46].
The quantum phases for the SO-coupled molecular
condensate can be found with a mean-field treatment
which replaces the field operator ψˆσ by its mean value
ψσ ≡ 〈ψˆσ〉. Here ψσ is found numerically by minimiz-
ing the energy functional F [ψσ, ψ∗σ] = 〈Hˆ0 + Hˆci+ Hˆdd〉,
where
Hˆ0 =
∑
σσ′
∫
drψˆ†σ(r)
[
hˆσσ′ + U(r)δσσ′
]
ψˆσ(r), (5)
with U(r) = Mν2⊥(x
2 + y2 + γ2z2)/2 an axially sym-
metric trap of radial frequency ν⊥ and trap aspect ratio
γ. To proceed further, we consider, without loss of gen-
erality, a condensate of N = 5 × 104 LiNa molecules
with d = 0.45D. The external trap parameters are
chosen to be ν⊥ = (2π)100Hz and γ = 6.3 (oblate).
For simplicity, we treat the condensate as a quasi-two-
dimensional (quasi-2D) one by decomposing the con-
densate wave functions into ψσ(r) = φσ(x, y)φz(z),
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FIG. 3: (color online). Mean field phase diagram in the δ1-δ2
parameter plane.
where φσ(x, y) is the two-dimensional wave function and
φz(z) = (γ/πℓ
2
⊥)
1/4e−γz
2/2ℓ2
⊥ is the ground state of the
axial harmonic trap with ℓ⊥ =
√
~/Mω⊥. We assume
that the Rabi frequency is Ω = 0.07Eκ, with Eκ/~ =
(2π) 1.7 kHz, which consequently fixes the SO-coupling
strength κ. We further assume that all s-wave scatter-
ing lengths are equal to 150 aB with aB being the Bohr
radius. Thus, the free parameters in our model reduce
to the linear Zeeman shift δ1 and quadratic Zeeman shift
δ2.
IV. RESULTS
Figure 3 summarizes the phase diagram in the δ1-δ2 pa-
rameter plane where each phase is denoted by the wind-
ing number configuration for the corresponding wave
functions, i.e., (w1, w0, w−1). In Fig. 4 we plot the typical
wave functions φ1 and φ−1 for several different phases;
φ0 is not shown because it does not contain any interest-
ing structure. In the (−1, 0, 1) phase, φ1 and φ−1 exhibit
singly quantized vortices with opposite winding numbers,
while for the (0, 0, 2) [(−2, 0, 0)] phase, only φ−1 (φ1) dis-
plays a doubly quantized vortex induced by the Y2,±2
terms in the DDI [Eq. (4)]. To understand this, we con-
sider, for example, the Y22 term. The process of transfer-
ring a molecule in state |1〉 to state | − 1〉 lowers the spin
angular momentum projection by 2~. To conserve the to-
tal angular momentum, the orbital angular momentum
associated with the molecule spin state |−1〉 must be in-
creased by 2~. Hence the winding numbers for the wave
functions in different phases satisfy w−1 − w1 = 2. The
stripes in the density and phase plots of the wave func-
tions are due to the interplay between the SO coupling
and the contact interactions. They are not the focus of
the present work since we have taken the simple-minded
approach of a constant s-wave scattering length for all.
To gain more insight into these quantum phases, we
|φ1|
2 arg(φ1) |φ−1|
2 arg(φ
−1)
-20 0 20
κx/pi
-20
0
20
κ
y
/pi
FIG. 4: (color online). Typical condensate wave functions
for the (−1, 0, 1) phase (row 1), (0, 0, 2) phase (row 2), and
(−2, 0, 0) phase (row 3). Columns 1 and 3 represent the den-
sities |φ1|
2 and |φ−1|
2, respectively, while columns 2 and 4
plot their respective phases arg(φ1) and arg(φ−1). The other
parameters are ~δ2/Eκ = 0.55 and, from row 1 to row 3,
~δ1/Eκ = 0.07, 0.29, and 0.40, respectively.
plot, in Fig. 5(a), the δ1 dependence of the molecule num-
berNσ =
∫
dxdy|φσ |2 for ~δ2/Eκ = 0.55. As can be seen,
for a given δ2, the spin |0〉 state generally has the high-
est occupation number unless δ1 becomes very large. In
particular at δ1 = 0, we have N1 = N−1, hence it is en-
ergetically favorable if both φ1 and φ−1 are singly quan-
tized vortices,i.e., the (−1, 0, 1) phase, since its kinetic
energy is lower than the multiply quantized vortex state.
For small δ1, the condensate remains in this quantum
phase even when N−1 is slightly larger than N1. When
δ1 becomes sufficiently large, N−1 is significantly larger
than N1. The highly populated φ−1 is vortex-free, while
the less populated φ1 state becomes a doubly-quantized
vortex, i.e., in the (−2, 0, 0) phase, in order to lower the
kinetic energy associated with the vortices. Surprisingly,
the phase diagram in Fig. 3 also reveals an unusual re-
gion of (0, 0, 2) phase if ~δ2/Eκ . 1.0, where, as shown in
Fig. 5(a), N−1 is notably larger than N1. To understand
this, we plot in Fig. 5(b) the δ1 dependence of the kinetic
energy Ekin, the potential energy Epot, the contact inter-
action energy Eci, and the DDI energy Edd. In contrast
to the large change of the DDI energy across the (0, 0, 2)-
to-(−2, 0, 0) transition, the kinetic energy in the (0, 0, 2)
phase is only slightly larger than in the two other phases.
The kinetic energy is thus not the main force that drives
the phase transitions. Instead, the dipolar interaction en-
ergy deserves a closer analysis. Figure 5(c) plots the δ1
dependence of E
(0)
dd and E
(2)
dd , the energy components of
the DDI originated from the Y20 and Y2±2 terms, respec-
tively. As can be seen, both terms give rise to negative
interaction energies except that, in the (−2, 0, 0) phase,
the Y2±2 contributions are negligibly small due to the
nearly vanishingN1. While in the (0, 0, 2) phase, the con-
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FIG. 5: (color online). The δ1 dependence for various quanti-
ties at ~δ2/Eκ = 0.55: (a) occupation numbersNσ; (b) energy
components Eci, Epot, Ekin, and Edd; and (c) DDI energies
E
(0)
dd and E
(2)
dd .
tributions from the Y2±2 terms become significant since
the occupation numbers of all spin states are comparable.
Finally, we explain the δ2 dependence of the phase dia-
gram. By increasing δ2, the occupation numbers N1 and
N−1 both drop such that the DDI originating from the
Y2±2 terms are suppressed. Consequently, the (0, 0, 2)
phase disappears for sufficiently large δ2.
V. CONCLUSIONS
We proposed a scheme to realize spin-tensor-
momentum coupling in a gas of rotating polar molecules
by combining the hyperfine resolved Raman processes
with the microwave field coupled rotational states in the
first electronic excited manifold. Under suitable condi-
tions, we showed that the electric DDI remains effective
in coupling the rotation and orbit degrees of freedom
of the molecules. We further explored the ground-state
properties of the SO-coupled molecular condensate with
dipolar interactions and mapped out its zero-temperature
phase diagram. The interplay between the linear Zee-
man shift and the DDI gives rise to the singly and
doubly quantized vortex phases, while the spin-tensor-
momentum coupling imprints stripes on the condensate
wave functions. The proposed scheme seems within reach
of the leading effects on ultracold polar molecule exper-
iments. It opens several interesting opportunities for
exploring interesting physics with molecular quantum
gases, such as spin vortex matter in superfluidity [47–
50], droplets with quantum fluctuations [22–24], strongly
correlated many-body physics [51–53], and exotic topo-
logical quantum phases [54–57].
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Appendix A: Single-particle Hamiltonian
In this appendix we present the details on the derivation of the single-molecule Hamiltonian for realizing spin-tensor-
momentum coupling of pseudospin-1 bialkali polar molecules. For the given level diagram and laser configurations in
Fig. 1(b) of the main text, the single-molecule Hamiltonian in the Raman fields reads
Hˆ = 2Bv
∑
σ=±1
|1, σ〉〈1, σ|+ ~δ1,−1|1, 1〉〈1, 1|+ ~ωe
∑
σ=±1
|e1σ〉〈e1σ|+ ~(ωe +∆e)
∑
σ=±1
|e2σ〉〈e2σ|
+ ~
∑
σ=±1
(
Ωmwe
−i∆et|e2σ〉〈e1σ|+Ω1(r)e−iωLt|e1σ〉〈0, 0|+Ω2(r)e−i(ωL+∆ωL)t|e2σ〉〈1, σ|+H.c.
)
, (A1)
where |e1σ〉 (|e2σ〉) is the Zeeman level of the electronically excited state for J = 1 (J = 2), ~ωe is the transition
frequency of |N = 0〉 ↔ |J = 1〉, and δ1,−1 is the hyperfine splitting for single molecules. In the rotating frame, a
unitary transformation is introduced as U = exp(−iHˆ′t/~) with
Hˆ′ = ~(∆e −∆ωL)
∑
σ=±1
|1, σ〉〈1, σ|+ ~ωL
∑
σ=±1
|e1σ〉〈e1σ|+ ~(ωL +∆e)
∑
σ=±1
|e2σ〉〈e2σ|. (A2)
6After applying the unitary transformation, the time-independent Hamiltonian is given by
Hˆ → U†HˆU − i~U† ∂
∂t
U
= ~(δ + δ1,−1)|1, 1〉〈1, 1|+ ~δ|1,−1〉〈1,−1|+ ~∆
∑
ζ=1,2
∑
σ=±1
|eζq〉〈eζq|+ ~
∑
σ=±1
{
Ωmw|e2σ〉〈e1σ|
+Ω1(r)|e1q〉〈0, 0|+Ω2(r)|e2σ〉〈1, σ|+H.c.
}
, (A3)
with ∆ = ωe − ωL the molecule-light detuning and δ = 2Bυ/~+∆ωL −∆e the two-photon detuning.
To proceed further, we rewrite the Hamiltonian (A3) in the second quantized as (without the center-of-mass motion)
Hˆ = ~(δ + δ1,−1)ψˆ†11ψˆ11 + ~δψˆ†1−1ψˆ1−1 + ~∆
∑
ζ=1,2
∑
σ=±1
ψˆ†eζq ψˆeζq + ~
∑
σ=±1
[
Ωmwψˆ
†
e2σ ψˆe1σ
+Ω1(r)ψˆ
†
e1σ ψˆ00 +Ω2(r)ψˆ
†
e2σ ψˆ1σ +H.c.
]
, (A4)
where ψˆNMN is the annihilation field operator for the ground rotational state and ψˆeζq is the annihilation field
operators for the excited rotational state. Then it is straightforward to calculate the equations of motion for the field
operators
i
˙ˆ
ψ00 = Ω
∗
1(r)
∑
σ=±1
ψˆe1σ ,
i
˙ˆ
ψ11 = (δ + δ1,−1)ψˆ11 +Ω
∗
2(r)ψˆe21 ,
i
˙ˆ
ψ1−1 = δψˆ1−1 +Ω
∗
2(r)ψˆe2−1 ,
i
˙ˆ
ψe11 = ∆ψˆe11 +Ωmwψˆe21 +Ω1(r)ψˆ00,
i
˙ˆ
ψe21 = ∆ψˆe21 +Ωmwψˆe11 +Ω2(r)ψˆ11,
i
˙ˆ
ψe1−1 = ∆ψˆe1−1 +Ωmwψˆe2−1 +Ω1(r)ψˆ00,
i
˙ˆ
ψe2−1 = ∆ψˆe2−1 +Ωmwψˆe1−1 +Ω2(r)ψˆ1−1. (A5)
Under the conditions |Ωmw/∆| ≪ 1 and |Ω1,2/∆| ≪ 1, the excited states can be adiabatically eliminated to yield
ψˆe11 =
ΩmwΩ2(r)
∆2 − Ω2mw
ψˆ11 − ∆Ω1(r)
∆2 − Ω2mw
ψˆ00,
ψˆe21 =
ΩmwΩ1(r)
∆2 − Ω2mw
ψˆ00 − ∆Ω2(r)
∆2 − Ω2mw
ψˆ11,
ψˆe1−1 =
ΩmwΩ2(r)
∆2 − Ω2mw
ψˆ1−1 − ∆Ω1(r)
∆2 − Ω2mw
ψˆ00,
ψˆe2−1 =
ΩmwΩ1(r)
∆2 − Ω2mw
ψˆ00 − ∆Ω2(r)
∆2 − Ω2mw
ψˆ1−1, (A6)
Substituting Eq. (A6) into Eq. (A5), the dynamical equation of ψˆNMN is given by
i
˙ˆ
ψ00 =
ΩmwΩ
∗
1(r)Ω2(r)
∆2 − Ω2mw
∑
σ=±1
ψˆ1σ − 2∆|Ω1(r)|
2
∆2 − Ω2mw
ψˆ00,
i
˙ˆ
ψ11 = (δ + δ1,−1)ψˆ11 +
ΩmwΩ1(r)Ω
∗
2(r)
∆2 − Ω2mw
ψˆ00 − ∆|Ω2(r)|
2
∆2 − Ω2mw
ψˆ11,
i
˙ˆ
ψ1−1 = δψˆ1−1 +
ΩmwΩ1(r)Ω
∗
2(r)
∆2 − Ω2mw
ψˆ00 − ∆|Ω2(r)|
2
∆2 − Ω2mw
ψˆ1−1, (A7)
As we mentioned in the main text, we will denote the rotational states by the quantum numberMN only for shorthand
notation. As a result, one can derive an effective Hamiltonian for a pseudospin-1 molecule
Hˆ =~(δ + δ1,−1 + V2)ψˆ†1ψˆ1 + ~(δ + V2)ψˆ†−1ψˆ−1 + 2~V1ψˆ†0ψˆ0 +
[
~Ωeiκy
∑
σ=±1
ψˆ†σψˆ0 +H.c.
]
, (A8)
7where V1,2 = ∆Ω
2
1,2/(∆
2 − Ω2mw) are the optical Stark shifts. After taking into account the center-of-mass motion,
the above Hamiltonian can be rewritten as (choosing 2~V1 as the origin of the energies)
Hˆ0 =
∑
σσ′
∫
drψˆ†σ(r)
[
hˆσσ′ + U(r)δσσ′
]
ψˆσ(r), (A9)
which corresponds to the effective single-particle Hamiltonian
hˆ =


p2
2M + ~δ1 + ~δ2 ~Ωe
iκy 0
~Ωe−iκy p
2
2M ~Ωe
−iκy
0 ~Ωeiκy p
2
2M − ~δ1 + ~δ2

 . (A10)
where δ1 = δ1,−1/2 is the Zeeman shift and δ2 = δ+ V2+ δ1,−1/2− 2V1 is the quadratic Zeeman shift for spin-1 polar
molecules. Finally, we obtain the effective spin-1 single-molecule Hamiltonian (1) in the main text.
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